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STABLE MAPS WITH FIELDS TO A PROJECTIVE VARIETY
RENATA PICCIOTTO
Abstract. We construct a cosection localized class on the moduli of stable
maps with fields determined by a triple (X,E, s) of a projective variety, a rank
r vector bundle and a regular section. We show the class coincides up to a
sign with the virtual fundamental class on the moduli space of stable maps to
the vanishing locus of s. This generalizes the comparison results of Chang–Li,
Kim–Oh and Chang–Li and presents a different approach from Chen–Janda–
Webb.
1. Introduction
Computations in enumerative geometry often rely on relating an enumerative
problem on a hypersurface or local complete intersection to an easier one on the
ambient space. This is the case of the classic result of H. Schubert, who proved that
a general quintic threefold Q ⊂ P4 contains 2875 lines [12] by computing the Euler
class of a vector bundle on the Grassmanian Gr(2, 5). Similarly, M. Kontsevich [18]
proposed that a virtual count of the number of rational curves of degree d on Q can
be obtained by computing the top Chern class of a vector bundle on the moduli
space of stable maps to P4, given fiberwise by
H0(C, f∗O(5))
  //

Ed

[(C, f)] 

//M0,0(P4, d),
as the quintic s defining Q, which is a section of O(5), induces a section s˜ of Ed
vanishing along M0,0(Q, d).
This idea can be formalized in term of the virtual fundamental classes introduced
in [19] and [3], as conjectured by D. A. Cox, S. Katz and W.-P. Lee [11] and
proved by B. Kim, A. Kresch and T. Pantev in [4]. The conjecture states that if
Z = {s = 0} ⊂ X are smooth projective varieties with s a regular section of a
convex vector bundle E on X , then the genus 0 Gromov–Witten invariants of Z
can be obtained from those of X by computing the Euler class of a vector bundle
derived from E. More precisely, the statement is in the form of a relation between
the virtual fundamental classes on the moduli spaces of stable maps:∑
i∗β′=β
ιβ′∗[M0,n(Z, β
′)]vir = ctop(Vβ,n) ∩ [M0,n(X, β)]
vir.
The bundle Vβ,n onM0,n(X, d) is obtained by pulling back E through the universal
evaluation map evn+1 :M0,n+1(X, β)→ X and pushing it forward by the forgetful
morphism πn+1 :M0,n+1(X, β)→M0,n(X, β).
1
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Some similar results in genus 1 have been formulated for reduced Gromov–Witten
invariants in [20] and [7], but a straight-forward generalization the above “hyper-
plane property” fails for higher genus Gromov–Witten invariants because in general
Vd,n fails to be a vector bundle.
A different approach was undertaken by H.-L. Chang and J. Li for the case of
the quintic threefold Q. In [6] they propose a new moduli space
Mg(P
4, d)p = {[u,C, p]|[u,C] ∈Mg(P
4, d), p ∈ Γ(C, u∗OP4(−5)⊗ ωC)}/ ∼
of stable maps to P4 with p-fields. This moduli space is a cone over the usual
stable maps to P4 and, although not proper, contains the proper moduli space
Mg(Q, d) as the degeneracy locus of a superpotential determined by the polynomial
s. Using the techniques developed by Y.-H. Kiem and J. Li in [16], the authors
construct a cosection localized virtual class [Mg(P4, d)p]virσ supported onMg(Q, d).
By degeneration to the normal cone, they prove the degree of this class agrees with
that of the usual virtual class [Mg(Q, d)]
vir up to a sign determined by g and d.
This result has since been variously generalized. In [8] H.-L. Chang and M.-L.
Li consider a complete intersection Z in a projective space Pm defined by some
polynomials (f1, . . . , fr), sections of line bundles O(d1) . . . ,O(dr). They consider
the moduli of sections (u1, . . . , um) where ui ∈ H
0(C,L⊗ri) and L is a line bundle on
a nodal curveC. The family of stability conditions that can be imposed to make sure
this stack is Deligne-Mumford is parametrized by ǫ ∈ Q>0∪{0+}, where 1/ǫ controls
the allowed lengths of common zeros of (u1, . . . , um). Each stability condition
produces a (not necessarly different) moduli space of ǫ-stable quasi-maps to Pm,
M
ǫ
g,n(P
m, d). Requiring that (u1, . . . , um) satisfy the polynomials (f1, . . . , fr) gives
the moduli spaces M
ǫ
g,n(Z, d) of ǫ-stable quasi-maps to Z. Adding a section p ∈
H0(C,
⊕r
i=1 L
⊗−ri ⊗ ωC) to quasi-maps to Pm they obtain the stack of quasi-
maps to Pm with p-fields, M
ǫ
g,n(P
m, d)p. This has a cosection localized virtual
class [M
ǫ
g,n(P
m, d)p]virσ , where the cosection is determined by the gradients of the
polynomials (f1, . . . , fr). They prove that for any choice of stability conditions ǫ, the
virtual classes [M
ǫ
g,n(P
m, d)p]virσ and [M
ǫ
g,n(Z, d)]
vir agree up to a sign determined
by d1, . . . , dr, g and d. In particular, for the Gromov–Witten stability conditions
corresponding to ǫ =∞, this generalizes the result of [6] and rephrases it in terms of
virtual classes, not just degrees, by a proving a more powerful result about virtual
pullback for cosection localized classes.
Quasi-maps can be defined in a more general settings, for example with target
X = V1//G, the GIT quotient of a vector space V1 by a reductive algebraic group
G [15]. In this setting a quasi-map from a prestable curve C with a fixed G-torsor
P is a G-equivariant morphism P → V1. As in the Pm case above, there is a
family of stability conditions parametrized by ǫ which for large values recovers the
Gromov–Witten stability conditions. In [17], B. Kim and J. Oh consider a smooth
codimension r subvariety Z of such a X given by the vanishing of a section s of
a vector bundle E = [V ss1 (θ) × V
∨
2 /G]. They prove via localized Chern complexes
that the cosection localized class of the moduli space of ǫ-stable quasi-maps to X ,
denoted [M
ǫ
(X, β)p]virσ , agrees up to a sign with
∑
i∗β′=β
[M
ǫ
g,n(Z, β
′)]vir.
A further generalization of [6] has appeared in the work of Q. Chen, F. Janda
and R. Webb [9], who consider the moduli space of maps to Z which is the smooth
vanishing locus of a regular section s of a vector bundle E on a smooth projective
DM stack X . In contexts where the theory of quasi-maps is well defined, such as
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when X = W//G for an l.c.i. affine varietyW and reductive algebraic group G, they
prove a generalization of the quasi-maps results of [17] and [8]. In the general set-
up where quasi-maps are not defined, they show that the Gromov–Witten virtual
classes [M(X, β)p]virσ and
∑
i∗β′=β
[Mg,n(Z, β
′)]vir agree up to sign. Their more
general result is proven by considering the moduli spaces of (quasi-)stable maps
as moduli of sections of some Artin stacks relative to the stack of prestable curves
Mg,n. Our approach avoids some of the technical difficulties they encounter and
gives a more explicit formula for the perfect obstruction theory and the cosection
by working relative to the moduli of prestable curves with a fixed rank r degree d
vector bundle Bg,n,r,d. This leads to considering the deformation theory of stable
maps C → X which pull back E on X to a fixed bundle V on C.
The present work closely follows and generalizes [6] and [8] by replacing the
ambient space Pm by a smooth projective variety X without the choice of an ample
line bundle and a fixed projective embedding. We fix a vector bundle E on X and a
section s with smooth vanishing locus Z of the expected dimension. From the data
of the triple (X,E, s), and having fixed genus, degree and number of marked points
(g, n, β), we construct the moduli of stable maps to X with fields in E, denoted
XE:
XE = {[(C, x), f, p]|[(C, x), f ] ∈Mg,n(X, β), p ∈ H
0(C, f∗E∨ ⊗ ωC)}/ ∼
Such a triple (X,E, s) gives rise to the data of the moduli space XE together with
a perfect obstruction theory and a superpotential, or cosection, with critical locus
Z :=
⋃
β′|i∗β′=β
Mg,n(Z, β
′).
The technique of deformation to the normal cone applied in [6] and subsequent
papers works well in this set-up and allows to pass from XE to the moduli space
NN which is simply a cone of virtual dimension 0 over Z defined as
NN = {[(C, x), f, p, q]|[(C, x), f ] ∈ Z, p ∈ Γ(C, f∗N∨ ⊗ ωC), q ∈ Γ(C, f
∗N)}/ ∼ .
The obstruction sheaf ofNN relative to its zero-section Z has fiber (ObNN/Z)[C,f,p,q] =
H1(C, f∗N∨ ⊗ ωC)⊕H
1(C, f∗N) corresponding to the obstructions to deforming
given sections p and q. The cosection of XE deforms to the cosection of NN given
by Serre duality:
(ObNN/Z)[C,f,p,q] = H
1(C, f∗N∨ ⊗ ωC)⊕H
1(C, f∗N) −→ H1(C, ωC) ∼= C
(p˙, q˙) 7→ p˙q + q˙p.
This cosection is invariant under the C∗ action on the cone NN , so allows for
cosection localized virtual localization to the fixed locus which is the 0-section Z.
The result is that the cosection localized class [NN ]virσ agrees up to a sign with the
virtual class of Z. The sign is determined by the virtual normal bundle of Z in NN
which is R•πZ∗EZ ⊕ E
∨
Z ⊗ ωπZ . So the main result is that the cosection localized
virtual class on XE agrees with the usual virtual class on the moduli space of stable
maps to Z.
Theorem 1.1.
[XE ]virσ = (−1)
∫
β
c1(E)+r(1−g)[Z]vir.
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2. Notation
We work over C. We introduce some notation.
(1) Let GLr denote the general linear group of r × r invertible matrices, and
let glr denote the Lie algebra of GLr.
(2) If a group G acts on a scheme M , we let [M/G] denote the quotient
stack and let M/G denote the coarse moduli space. There is a projec-
tion [M/G] −→ M/G, which is an isomorphism when the G-action on M
is free.
(3) For a locally free sheaf E of constant rank on X , we adopt the convention
Vb(E) = SpecX(Sym
•E∨).
(4) For any scheme or stack M , let IdM :M →M denote the identity map.
(5) Let • denote a point.
(6) Mg,n is the Artin stack of prestable genus g, n-pointed curves with universal
family CMg,n . For a stack X over Mg,n we denote the universal curve of X
by CX and the projection CX → X by πX. If X is a moduli of stable maps
to a target, we denote the universal evaluation morphism by evX.
(7) Given a locally free sheaf of rank r E over X , we denote by PE the corre-
sponding GLr-torsor, where we fix the fundamental representation of GLr.
(8) For a morphism A → B of schemes or stacks, we will denote by TA/B the
dual to the cotangent complex LA/B.
3. Classical Version
In this section, X is a smooth variety.
3.1. The pair (X,E). Let E → X be a rank r vector bundle over X . Let PE →
X be the frame bundle of E, which is a principal GLr-bundle over X . Then
X = [PE/GLr] where GLr acts freely on the right on PE , and E = PE ×ρ Cr,
where ρ = IdGLr : GLr → GLr is the fundamental representation. Let End(E)
∼=
E ⊗E∨ be the bundle of endomorphisms of E. Then End(E) = PE ×Ad glr, where
Ad : GLr → GL(glr) is the adjoint representation: Ad(g)(ξ) = g
−1ξg for g ∈ GLr
and ξ ∈ glr. We have the following short exact sequence of GLr-equivariant vector
bundle over PE :
(1) 0→ TPE/X
∼= PE × glr −→ TPE −→ (πPE/X)
∗TX → 0,
where GLr-action on PE × glr is given by (e, ξ) · g = (e · g,Ad(g
−1)(ξ)), and
πPE/X : PE → X is the projection. Taking the quotient of (1) by the free GLr-
action, we obtain the following short exact sequence of vector bundles on X :
(2) 0→ End(E)→ AE → TX → 0.
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The vector bundle AE defines a class
[AE ] ∈ Ext
1(TX ,End(E)) = H
1(X,Ω1X ⊗ End(E)),
known as the Atiyah class of E introduced in [1]. Recall that H0(X,AE) records the
infinitesimal automorphisms of the pair (X,E) and H1(X,AE) the inifinitesimal
deformations of the pair.
3.2. A section s of E. Let s be a section of πE/X : E → X . This gives rise to a
GLr-equivariant map φs : PE → Cr that fits in the Cartesian diagram
(3) PE

IdPE×φs // PE × Cr

X = PE/GLr
s // Vb(E) = (PE × Cr)/GLr
The map φs : PE → Cr is GLr-equivariant: if e ∈ PE , v ∈ Cr, and g ∈ GLr, then
φs(e · g) = ρ0(g
−1)(φs(e)).
Taking the differential of φs, we obtain a GLr-equivariant map
TPE
dφs
−→ φ∗s(TCr ) = PE × C
r.
Taking quotients by the free GLr-action, we obtain
(4) AE
δs
−→ E.
To summarize: a section s ∈ H0(X,E) defines an element δ(s) ∈ Hom(AE , E) =
H0(X,A∨E ⊗ E).
Let
ds : TX −→ s
∗TE
be the differential of s. Let Z = Z(s) be the zero locus of s, which is a closed
subscheme of X . Let i : Z →֒ X be the inclusion which is a closed embedding. The
pullback i∗s∗TE is a direct sum:
i∗s∗TE = i
∗TX ⊕ i
∗E.
Let
(5) i∗TX
Ds
−→ i∗E
be the composition
i∗TX
i∗ds
−→ i∗s∗TE = i
∗TX ⊕ i∗E −→ i∗E,
where the last arrow is projection to the second factor.
3.3. Regularity. We now assume that s is a regular section in the sense of [13,
Section 14.1], i.e. the r functions locally defining Z form a regular sequence. Then
Z is a smooth subscheme of X of codimension r, and Ds : i∗TX → i
∗E is a
surjective vector bundle map. We have the following two short exact sequences of
vector bundles over Z (which are dual to each other):
0→ TZ
di
−→ i∗TX
Ds
−→ i∗E = NZ/X → 0,
0→ i∗E∨ = N∗Z/X
(Ds)∗
−→ i∗ΩX −→ ΩZ → 0.
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In particular,
LZ = [i
∗E∨
(Ds)∗
−→ i∗ΩX ] ≃ [0→ ΩZ ].
The condition that the section s : X → E is regular is equivalent to the condition
that 0 is a regular value of the Cr-valued function φs : PE → Cr. It also implies
that
δs : AE → E
is a surjective vector bundle map.
3.4. Superpotential. The section s defines a regular function W : Vb(E∨) → C
on the total space of E∨, as follows. Any point in Vb(E∨) is a pair (x, p) where x
is a point in X and p is a vector in E∨x , the fiber of E → X over x; s(x) is a vector
in Ex. Then
W (x, p) = 〈p, s(x)〉
where 〈, 〉 is the natual pairing between dual vector spaces. Let W˜ : PE × Cr → C
be the composition
PE × C
r −→ E∨ = PE ×ρ∨ C
r W−→ C.
Then for any e ∈ PE , u ∈ Cr (viewed a r × 1 matrix), and g ∈ GLr (viewed as an
r × r matrix),
W˜ (e, u) = utφs(e), W˜ (e ·g, ρ
∨
0 (g
−1)(u)) = W˜ (e ·g, gtu) = utgg−1φs(e) = W˜ (e, u),
where utφs(e) is the product of the 1×r matrix u
t and the r×1 matrix φs(e) ∈ Cr.
The differential of W˜ at (e, u) ∈ PE × Cr is
(dW˜ )(e,u) : TePE × C
r −→ C, (e˙, u˙) 7→ ut(dφs)e(e˙) + (u˙)
tφs(e).
The critical point of W˜ is
Crit(W˜ ) = {(e, u) ∈ PE × C
r : φs(e) = 0, u ∈ (Im(dφs)e))
⊥
} ⊂ φ−1s (0)× C
r.
If s is a regular section, then Im
(
(dφs)e
)
= Cr for all e ∈ φ−1s (0), so
Crit(W˜ ) = φ−1s (0)× {0} ⊂ PE × C
r.
and
Crit(W ) = {(x, p) ∈ E∨ : s(x) = 0, p = 0} = Z ⊂ X ⊂ E∨,
where X ⊂ E∨ is the inclusion of the zero section.
3.5. Classifying spaces. Let BGLr = [•/GLr] be the classifying space of prin-
cipal GLr bundles, or equivalently, the classifying space of rank r vector bundles.
The projection • → [•/GLr] is the universal principal GLr bundle, and the pro-
jection π : Ur := [Cr/GLr] −→ BGLr = [•/GLr] is the universal rank r vector
bundle, where the GLr action on Cr is given by v ·g = ρ0(g−1)v. The vector bundle
E → X defines a morphism ψE : X → BGLr such that the following diagram is
Cartesian:
PE

// •

X
ψE
// [•/GLr]
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The morphism ψE induces a distinguished triangle
ψ∗ELBGLr → LX → LX/BGLr → ψ
∗
ELBGLr [1].
LBGLr is quasi-isomorphic to glr, the trivial rank r bundle over a point carrying
the adjoint representation of GLr, in degree 1. Then
ψ∗ELBGLr ≃ [0→ PE ×Ad glr].
Since ψE is a smooth representable morphism, the above distinguished triangle
induces the short exact sequence
0→ ΩX → ΩX/BGLr → PE ×Ad glr → 0
dual to eq. (2). In other words, the bundle AE is the dual of the cotangent bundle
of the morphism X → BGLr induced by the bundle E.
The section s : X → E defines a morphism ψs : X → [Cr/GLr] such that
π ◦ ψs = ψE . More explicitly, we have the following cartesian diagram:
(6) E = (PE × Cr)/GLr
πE/X

ψ˜E
// Ur = [Cr/GLr]
π

X = PE/GLr
s
II
ψE
//
ψs
44❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
BGLr = [•/GLr]
The composition πE/X ◦s : X → X is the identity map since s : X → E is a section
of πE/X : E → X , and ψs = ψ˜E ◦ s : X → [C
r/GLr]. Therefore, [Cr/GLr] can be
viewed as the classifying space of pairs (E, s), where E is a rank r vector bundle
and s is a section of E.
Diagram (6) is obtained by taking quotients by the GLr-actions on the following
cartesian diagram of GLr-spaces (where all the arrows are GLr-equivariant):
(7) PE × Cr
pr
1

pr
2 // Cr

PE
IdPE×φs
II
//
φs
::✈✈✈✈✈✈✈✈✈✈
•
where pr1 : PE ×C
r → PE and pr2 : PE ×C
r → Cr are projections to the first and
second factors, respectively. The map δs of eq. (4) is induced by the differential of
ψs in eq. (6):
(8) TX/BGLr = AE → ψ
∗
sTUr/BGLr
∼= s∗TV b(E)/X ∼= E.
Since s is a regular section, δs is surjective.
4. Quantum Version
We will fix a triple (X,E, s) where X is a smooth projective variety, πE/X :
E → X is a vector bundle, and s : X → E is a regular section. We will denote a
morphism M1 →M2 between moduli stacks πM1/M2 .
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4.1. Moduli stacks independent of (X,E, s). Let M = Mg,n be the moduli
stack of genus g, n-pointed prestable curves. Then M is a smooth Artin stack of
dimension 3g − 3 + n. Let CM →M be the universal curve.
The analog of BGLr is the moduli space Bg,n,r parametrizing prestable genus
g n-pointed curves together with a rank r vector bundle. This can be viewed as a
moduli of sections of
Bg,n,r = Γ(CM ×BGLr/CM).
For a scheme T
f
−→M denote pullback of the universal curve by CT . Objects in the
fiber of Bg,n,r over T → M are sections of f¯
∗CM × BGLr = CT × BGLr → CT .
That is, morphisms CT → BGLr. So the fiber of Bg,n,r over T/M consists of rank
r vector bundles over CT . As shown in [10], the moduli space Bg,n,r is itself a
smooth Artin stack of dimension (3 + r2)(g − 1) + n. The degree of the restriction
of FT to the fiber over a point t ∈ T is constant since CT → T is a flat projective
family. We further fix d ∈ Z and let
B = Bg,n,r,d
be the connected component of Bg,n,r corresponding to vector bundles which have
degree d. Objects in B(•) are pairs ((C, x1, . . . , xn), F ) where (C, x1, . . . , xn) is a
pointed prestable curve and F a degree d rank r vector bundle.
The morphism πB/M : B −→M given by forgetting the vector bundle is smooth
of relative dimension r2(g − 1). Let CB = CM ×M B be the universal curve on B,
PB → CB the universal GLr-torsor and EB be the associated universal vector
bundle.
We can further form a cone stack S over B parametrizing curves with a vector
bundle and a section:
S = Spec(Sym R1πB∗E
∨
B ⊗ ωπB).
For any scheme T and morphism T → B, S(T ) = H0(CT , ET ) by Serre duality.
Here ET → CT → T is the pullback of the universal family EB → CB → B.
Similarly, we have Sg,n,r → Bg,n,r.
By [6] Lemma 2.5, there is a relative dual perfect obstruction theory E∨S/B given
by
E∨S/B = π
∗
S/BR
•πB∗EB.
The relative virtual dimension is
dvirS/B = h
0(C, V )− h1(C, V ) = d+ r(1 − g)
where ((C, x1, . . . , xn), V ) is any object in B(•).
Finally, we consider the moduli
P = SpecBSym
(
R1πB∗
(
EB ⊕ E
∨
B ⊗ ωCpiB
))
The objects in the groupoidP(•) are 4-tuples ((C, x1, . . . , xn), V, q, p) where ((C, x1, . . . , xn), V, q)
is an object in S(•) and p ∈ H0(C, V ∨⊗ωC). There is a morphism πP/S : P→ S
given by forgetting p. There is a relative dual perfect theory E•P/S given by
E∨P/S = π
∗
P/BR
•π∗
(
E∨B ⊗ ωCB/B
)
.
The relative virtual dimension is
dvirP/S = h
0(C, V ∨ ⊗ ωC)− h
1(V ∨ ⊗ ωC) = −d+ r(g − 1).
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The relative virtual dimension of πP/B : P → B is d
vir
P/B = 0. A perfect dual
obstruction theory of πP/B is given by
E∨P/B = π
∗
P/BR
•πB∗ (EB ⊕ E
∨
B ⊗ ωπB)
and is compatible with E∨P/S and E
∨
S/B.
We now define a relative cosection
σP/B : ObP/B −→ OP
as follows. We have a map of vector bundles over CB
EB ⊕ E
∨
B ⊗ ωπB → ωπB
given by the dual pairing. Applying π∗P/BR
1πB∗ to this map induces the relative
cosection. Given an object ξ = ((C, x1, . . . , xn), F, q, p) in P(•),
σP/B(ξ) : H
1(C,F )⊕H1(C,F∨ ⊗ ωC) −→ H
1(C, ωC) = C
(q˙, p˙) 7→ 〈p˙, q〉+ 〈p, q˙〉
where q˙ ∈ H1(C,F ) and p˙ ∈ H1(C,F∨ ⊗ ωC) and the pairing is given by Serre
duality. Then σP/B(ξ) = 0 if and only if q = p = 0. The degeneracy locus of the
relative cosection is the zero section of the cone P→ B:
D(σP/B) = {(σP/B)(ξ) = 0} = B ⊂ P.
Unfortunately, even though the morphism P → B is representable, we cannot use
the relative perfect obstruction theory to construct a cosection-localized virtual
class on P as the construction in [16] would require the stack P to be a DM stack
itself.
4.2. Moduli of maps to X. The triple (X,E, s) gives rise to the following com-
mutative diagram
(9) X
ψs
//
ψE
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼ [C
r/GLr]

BGLr = [•/GLr]
The moduli of sections CM×X → CM is the moduli of genus g, n-pointed prestable
maps to X :
Xg,n = Γ((CM ×X)/CM).
The quantum version of (9) is
(10) Xg,n = Γ((CM ×X)/CM) //
))❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
Sg,n,r

Bg,n,r

M = Mg,n
We now fix an effective curve class β ∈ H2(X ;Z), and let d = 〈c1(E), β〉 ∈ Z. Let
Xg,n,β be the moduli stack of genus g, n-pointed, degree β prestable maps to X .
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Then Xg,n,β is an open and closed substack of the Artin stack Xg,n, and the above
diagram (10) restricts to
(11) Xg,n,β //
&&▼
▼▼
▼▼
▼▼
▼▼
▼
S

B = Bg,n,r,d

M = Mg,n
Let X denote the open substack of Xg,n,β obtained by imposing the usual stability
conditions for stable maps. The functor X(•) −→ S(•) sends ((C, x1, . . . , xn), f)
to (C, f∗E, f∗s).
4.3. A perfect obstruction theory for πX/B : X → B. Let πX : CX → X be
the universal curve over X, and let evX : CX → X be the universal evaluation map.
The morphism X→ B over M is induced by fixing the torsor ev∗XPE → CX, which
we denote PX. Recall PB denotes the universal GLr-torsor over CB. We have the
following diagram, where all the squares are Cartesian.
PE

PXoo //

PB

X CX
evXoo
πX/B
//
πX

CB

X
πX/B
// B
.
Having fixed these GLr-torsors, we have the following commutative diagram
(12) CX
πX/B

evX // X
ψE

CB
evB // BGLr
which induces a morphism of cotangent complexes
ev∗XLX/BGLr → LCX/CB = π
∗
XLX/B.
Dualizing and pushing forward to we obtain:
φ∨X/B : TX/B → R
•πX∗π
∗
XTCX/CB → R
•πX∗ev
∗
XAE .
Proposition 4.1. The morphism
φX/B : E
•
X/B = (R
•πX∗ev
∗
XAE)
∨ → LX/B.
is a perfect obstruction theory for πX/B.
Proof. We can see this by identifying X with an open substack of the moduli of sec-
tions Γ := Γ(CB×BGLrX/CB). To see this, fix an object ξ = ((C, x1, . . . , xn), F ) ∈
B(•). An object ξ ∈ Xg,n,β(•) (recall these are prestable maps to X) in the fiber
of ξ is the additional datum of a morphism f : C → X such that f∗E ∼= F .
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Let ψF : C → BGLr be the morphism that F represents. Consider the following
Cartesian diagram
C ×BGLr X //

X
ψE

C
ψF
// BGLr.
A morphism f : C → X such that ψF ◦ f = ψE is the same as a a section φf of
the projection C ×BGLr X → C above. The same argument applies for objects
ξ ∈ B(T ) over general schemes T , so this gives the required identification. Observe
that CB×BGLrX
∼= PB×GLr PE , so CB×BGLrX → CB is a smooth representable
morphism, in fact a smooth fibration with fiber PE . Then the following is a perfect
obstruction theory for Γ→ B
φΓ/B : EΓ/B := (R
•πΓ∗e
∗Ω∨CB×BGLrX/CB)
∨ → LΓ/B,
where e : CΓ → CB ×BGLr X is the universal evaluation. Over CX, e restricts to
the map f : CX → CB ×BGLr X induced by the diagram in eq. (12). Then
π∗Γ/X(R
•πΓ∗e
∗Ω∨CB×BGLrX/CB)
∨ ∼= (R•πX∗πΓ/X
∗e∗Ω∨CB×BGLrX/CB)
∨
∼= (R•πX∗f
∗Ω∨CB×BGLrX/CB)
∨
∼= (R•πX∗ev
∗
XΩ
∨
X/BGLr
)∨.
So φΓ/B restricts to φX/B over X, which proves that the latter is a perfect obstruc-
tion theory. 
Let
φX/M : E
•
X/M = (R
•πX∗ev
∗
XTX)
∨ → LX/M
denote the usual perfect obstruction theory for πX/M : X→M. Let (C, f) ∈ X(•),
the virtual dimension of X/M given by φX/M is
dvirX/M = χ(f
∗TX) = 〈β, c1(X)〉+ dim(X)(1− g)
and the virtual dimension of the obstruction theory above is
dvirX/B = χ(f
∗AE) = χ(f
∗TX) + χ(f
∗(E ⊗ E∨)) = dvirX/M − dB/M
by the short exact sequence in eq. (2). So the virtual fundamental classes induced
by the two obstruction theories have the same degree 〈β, c1(X)〉+(dim(X)−3)(1−
g) + n =: dvirX .
Proposition 4.2. The virtual fundamental class [X/B]vir induced by φX/B agrees
with [X/M]vir induced by φX/M.
Proof. This follows closely [6] Propositions 2.8 and 2.9. We have the following
commutative diagram of evaluation morphisms
(13) CX
(πX/M,evX)

πX/B
// CB
(πX/B,evB)

πB/M
// CM
id

CM ×X
(id,ψE)
// CM ×BGLr pr1
// CM
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The first row of eq. (13) induces the distinguished triangle
(14) π∗XLX/M
∼=

// π∗XLX/B
∼=

// πX/B
∗π∗BLB/M[1]
∼=

+1
//
LCX/CM // LCX/CB // πX/B
∗LCB/CM [1]
+1
//
The second row of eq. (13) induces
LCM×X/CM → LCM×X/CM×BGLr → (id, ψE)
∗LCM×BGLr/CM [1]
+1
−−→
which, after pulling back to CX via (πX/M, evX), is isomorphic to
(15) ev∗XLX → ev
∗
XLX/BGLr → ev
∗
Xψ
∗
ELBGLr [1]
+1
−−→
As we detailed in section 3.5 the above triangle is quasi-isomorphic to
0→ ev∗XT
∨
X → ev
∗
XA
∨
E → ev
∗
X(End(E))
∨ → 0.
There is a morphism of distinguished triangles between eq. (15) and eq. (14) induced
by the differential of the evaluation map. After dualizing, pushing forward by πX
and dualizing again we obtain:
(16) EX/M //
φX/M

EX/B //
φX/B

(R•πX∗End(EX))
∨

+1
//
LX/M // LX/B // πX/B
∗LB/M[1]
+1
// .
The last vertical arrow is a quasi-isomorphism, noting that
(R•πX∗End(EX))
∨ ∼= πX/B
∗(R•πB∗End(EB))
∨
by cohomology and base change and that LB/M[1] ∼= (R
•πB∗End(EB))
∨. Let N
denote the vector bundle stack h1/h0(R•πB∗End(EB)). By lemma 4.1 below, the
bottom triangle of eq. (16) induces a short exact sequence of cone stacks
π∗X/BN→ CX/B → CX/M
where CX/B is the intrinsic normal cone of the morphism πX/B, and similarly for
CX/M. The top row of eq. (16) gives a similar short exact sequence of vector bundle
stacks, and we have
π∗X/BN
//
∼=

CX/B // _

CX/M _

π∗X/BN
// EX/B // EX/M
where EX/B = h
1/h0(EX/B) and similarly for EX/M. Recall that by definition
short exact sequences of cone stacks are locally split. Then
[M/B]vir = 0!EX/B([CX/B]) = 0
!
EX/M
([CX/M]) = [X/M]
vir.

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Lemma 4.1. Let
X
πX/B
−→ B
πB/M
−→ M.
be morphisms of Artin stacks. Assume that M is smooth and πB/M is smooth. (So
B is smooth.) Let πX/M = πB/M ◦ πX/B. Assume that πX/B and πX/M are of DM
type. Let CX/B and CX/M denote the relative intrinsic normal cones. Then we have
the following short exact sequence of cone stacks over X:
h1/h0(π∗X/B
(
LB/M[1]
)∨
)→ CX/B → CX/M.
Proof. We have a distinguished triangle
π∗X/BTB/M[−1]→ TX/B → TX/M
so a short exact sequence
h1/h0(π∗X/BTB/M[−1])→ NX/B → NX/M.
where NX/B and NX/M denote the relative intrinsic normal sheaves.
The intrinsic normal cone CX/B is the unique subcone ofNX/B such that CX/B×X
U ∼= [CU/Y /i
∗TY/B] for any local embedding of X into B given by a commutative
diagram
(17) U
i //
p

Y

X // B
where i is a closed embedding, U , Y are schemes with Y smooth over B and U
e´tale over X. This is Proposition 2.13 of [21]. Since B → M is smooth, Y → M
is smooth also and CX/M ×X U ∼= [CU/Y /i
∗TY/M]. On the other hand, given any
local embedding of X in M, ie. a diagram similar to (17):
(18) U ′
j
//

Y ′

X //M
we can reduce it to (17) by setting Y = Y ′×M B, U = U
′ with U → Y induced by
U ′ → X → B and U ′ → Y ′. So we only have to show the short exact sequence in
question holds when restricted to U for any diagram of the form (17), which follows
from the distinguished triangle p∗π∗X/BTB/M[−1]→ i
∗TY/B → i
∗TY/M.

4.4. Moduli of maps to X with fields. Let
XEg,n,β = SpecXSymR
1πX∗(EX)
be the moduli of genus g, n-pointed, degree β prestable maps to X with a p-field.
Objects in the groupoidXE(•) are triples ((C, x1, . . . , xn), f, p) where ((C, x1, . . . , xn), f)
is an object in X(•) and p ∈ H0(C, f∗E∨ ⊗ ωC). The diagram (10) is extended to
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the following diagram:
(19) XE := XEg,n,β
//

P = Pg,n,r,d

X := Xg,n,β //
((P
PP
PP
PP
PP
PP
P
S = Sg,n,r,d

B = Bg,n,r,d

M = Mg,n
From its definition, we see that XE has a dual relative perfect obstruction theory
over X given by
E∨XE/X = R
•πXE∗(E
∨
XE ⊗ ωCXE /XE ).
We can identify XE → B with an open substack of the moduli of sections
Γ
(
(CB ×BGLr X)×CB Vb(E
∨
B ⊗ ωCB/B)
)
.
Similarly to proposition 4.1, πXE/B has a dual perfect obstruction theory given by
E∨XE/B = R
•πXE∗
(
ev∗AE ⊕ E
∨
XE ⊗ ωCXE/XE
)
The morphism (φXE/B)
∨ : TXE/B → E
∨
XE/B is induced by the differential of the
universal evaluation morphisms. This perfect obstruction theory is just
E∨XE/B = π
∗
XE/XE
∨
X/B ⊕R
•πXE∗(E
∨
XE ⊗ ωCXE /XE).
4.5. The cosection. The section s ∈ H0(X,E) induces ψs : X → Ur = [Cr/GLr]
which is a morphism over BGLr. Pulling back by CB → BGLr gives
CB ×BGLr X
s //
''◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆
Vb(EB)

CB.
Since X and S are the moduli of sections of CB×BGLr X and Vb(EB) respectively,
s induces both the morphism πX/S from eq. (11) and a morphism
δs : E∨X/B = R
•πX∗(ev
∗
XAE)→ π
∗
X/SE
∨
S/B = R
•πX∗(EX)
which by eq. (8) is just R•πX∗(ev
∗
Xδs) for δs : TX/BGLr
∼= AE → E ∼= ψ
∗
sTUr/BGLr .
Similarly, the top row of eq. (11) is induced by
(s, id) : (CB ×BGLr X)×CB Vb(E
∨
B ⊗ ωCB/B)→ Vb(EB)×CB Vb(E
∨
B ⊗ ωCB/B).
This also gives
E∨XE/B → π
∗
XE/PE
∨
P/B.
Composing the resulting ObXE/B → π
∗
XE/PObP/B with the pullback of the cosec-
tion σP/B of section 4.1 gives relative cosection σXE/B : ObXE/B −→ OXE .
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This relative cosection agrees with the one that can be constructed directly from
the morphism
hXE/B :(CB ×BGLr X)×CB Vb(E
∨
B ⊗ ωCB/B)→ Vb(ωCB/B), (z, p) 7→ p · s(z).
By construction of the relative perfect obstruction theory φXE/B, hXE/B gives a
map of complexes
σ•XE/B : E
∨
XE/B → R
•πXE∗ωC
XE/X
E .
And σXE/B : ObXE/B −→ OXE is h
1(σ•
XE/B).
Proposition 4.3. Let ξ = [(C, x1, . . . , xn), f, p] ∈ X
E be a closed point. The
cosection above has local expression
σXE/B|ξ : H
1(f∗AE)⊕H
1(f∗E∨ ⊗ ωC)→ C
given by (z˙, p˙) 7→ 〈f∗δs(z˙), p〉 + 〈f∗s, p˙〉 where the brackets are given by Serre’s
duality.
Proof. Follows from the description of the cosection σP/B and the observation that
δs is given by R•πX∗(ev
∗
Xδs). We show this explicitly, to illustrate how the cosection
arises from the morphism hXE/X. Let C → BGLr be the morphism induced by
f∗E. We have
hXE/B|ξ : (C ×BGLr X)×C Vb(f
∗E∨ ⊗ ωC)→ Vb(ωC).
This is induced by X
ψs
−→ Ur, which gives C ×BGLr X → Vb(f
∗E) and the pair-
ing between dual vector spaces in the fibers. The evaluation morphism of C into
(C×BGLrX)×CVb(f
∗E∨⊗ωC) is given by evC = ((idC , f), p). Then ev
∗
ChXE/B|ξ
is simply
C → Vb(f∗E)×C Vb(f
∗E∨ ⊗ ωC)→ Vb(ωC)
with the first arrow given by the sections f∗s and p and the second by fiber-wise
dual pairing. Following the definition of the cosection, we consider
(20) ev∗C(dhXE/B|ξ) : ev
∗
CT(C×BGLrX)×C(Vb(f∗E∨⊗ωC)/C → ev
∗
Ch
∗
XE/BTVb(ωC)/C .
Observe that (idC , f)
∗TC×BGLrX/C is quasi isomorphic to f
∗AE . Recall that the
differential of ψs is the morphism δs : AE → E from eq. (8). Then we see that
eq. (20) is quasi isomorphic to the morphism of sheaves over C
σ : f∗AE ⊕ f
∗E∨ ⊗ ωC → ωC
given by 〈f∗(δs), p〉 + 〈p˙, f∗s〉. The brackets are defined by the pairing 〈·, ·〉 :
V ⊗H0(C, V ∨)→ OC for a locally free sheaf V on C. Since σXE/B|ξ is by definition
H1(σ) we are done. 
This local expression allows to easily compute the degeneracy locus
D(σXE/B) := {ξ ∈ X
E |σXE/B|ξ : ObXE/B → OXE ⊗ k(ξ) is trivial}.
Let Zg,n,β′ be the moduli stack of genus g, n-pointed, degree β
′ prestable maps to
Z = Z(s); it is an open and closed substack of
Zg,n = Γ((CM × Z)/CM).
Define
Z =
⋃
β′∈H2(Z;Z)
i∗β
′=β
Zg,n,β′ .
16 RENATA PICCIOTTO
Proposition 4.4. The degeneracy locus of the cosection is D(σXE/B) ∼= Z.
Proof. Let ξ = [(C, x1, . . . , xn), f, p] ∈ X
E. We show 〈f∗δs(z˙), p〉+ 〈f∗s, p˙〉 = 0 for
all p˙, z˙ if and only if f∗s = 0 and p = 0. The if direction is clear. Conversely, if
ξ ∈ D(σ1), f
∗s = 0 follows from picking z˙ = 0, p˙ 6= 0. Then f : C → X factors as
C
g
−→ Z
i
−֒→ X.
Suppose p 6= 0. Then, H1(C, f∗E) 6= 0. We just need to show that H1(f∗δs) is
surjective, then by Serre’s duality we can always pick z˙ such that 〈f∗δs(z˙), p〉 6= 0
and p˙ = 0. But we observed that since s is a regular section, δs is surjective.
So H1(f∗δs) is surjective, as we can see from the long exact sequence induced by
0→ ker(f∗δs)→ f∗AE → f
∗E → 0. 
In other words, Z = XE ×P B, where B→ P is inclusion of the zero section.
4.6. The cosection factors. We wish to use this cosection to define a cosection-
localized virtual class, following [16]. To apply the construction, we need to show
that the relative cosection σXE/B factors through the morphism ObXE/B → ObXE .
The absolute obstruction sheaf is defined as follows. Consider
ν : π∗XE/BTB[−1]→ TXE/B
φ∨
XE/B
−−−−−→ E∨XE/B
then ObXE = Coker(h
1(ν)). The strategy in [6, Section 3.4] to show that the
cosection factors through the absolute obstruction sheaf is to show that h1(σ•
XE/B ◦
φXE/B) vanishes. We summarize the argument as follows.
Let H = Γ(Vb(ωCB/B)/CB), this is just the Hodge bundle πB∗ωCB/B over B.
The morphism hXE/B from which we derive the cosection induces X
E → H and a
commutative diagram
(21)
TXE/B π
∗
XE/HTH/B
E∨
XE/B π
∗
XE/HR
•πH∗ωCH/H
φ∨
XE/B
σ•
XE/B
The result follows from observing TH/B is concentrated in degree 0 since H is a
vector bundle over B so in particular H→ B is smooth and representable.
4.7. Virtual classes on Z. To summarize, we now have two constructions for the
virtual class of Z. On one hand, the morphism πZ/B : Z → B given by fixing the
bundle N := i∗E on Z gives a perfect obstruction theory φZ/B : EZ/B → LZ/B
where
(22) (E•Z/B)
∨ = R•πZ∗ev
∗
Z(AN )
and φZ/B is determined by the universal evaluation morphism. For AN the Atiyah
extension
0→ End(N)→ AN → TZ → 0.
Remark 4.1. The virtual class [Z/B]vir agrees with the usual virtual class [Z/M]vir.
The details are the same as in proposition 4.1 and proposition 4.2.
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On the other hand, realizing Z as the critical locus of the cosection σXE/B, gives
a cosection localized vitual class [XE/B]virσ
XE/B
∈ A∗(Z) by the construction of [16].
We will use degeneration to the normal cone to show that the two classes agree up
to a sign.
5. Degeneration to the normal cone
Let
V = BlZ×{0}(X × A
1) \ X˜ × {0}.
Let πV/A1 and πV/X denote the projections to A
1 and to X respectively. Away
from the zero fiber, πV/X is the projection to the first component, whereas
πV/X |π−1
V/A1
(0)
: π−1V/A1 (0) = V b(NZ|X)→ X
is the projection Vb(N) → Z followed by Z
i
−→ X . There is a closed embedding
j : V −֒→ Vb(E)× A1 given by V = Z(s˜) for
(23) s˜ = π∗s− yt , s˜ ∈ H0
(
Vb(E)× A1, π∗Vb(E)×A1/XE
)
.
Here t is the coordinate on A1 and y is the section of π∗Vb(E)/XE induced by the
identity of E. We can fix a vector bundle E˜ := π∗V/XE on V and the section y.
Over t 6= 0, the triple (V, E˜, y) restricts to (X,E, t−1s) and over 0 this gives the
triple (Vb(N), π∗Vb(N)/ZN, 1) where 1 is the section induced by the identity.
5.1. The triple (V, E˜, y). The moduli of sections Γ(CM × V/CM) is the moduli
space of genus g, n-pointed prestable maps to the smooth variety V , denoted Vg,n.
Define the degree of a map f : C → V as the degree of the composite map πV/X ◦f .
Let V denote the stack of stable maps to V of degree β. Since the domain curves
are projective, stable maps to V factor through the fibers of πV/A1 . We have
πV/A1 : V→ A
1. Similar to eq. (19), we have a diagram
(24) VE˜ := Spec(Sym(R1ev∗VE˜))
//

P× A1

// P

V //
))❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚ S× A1

// S

B× A1

// B

M× A1 //M
Working relative to the last column of diagram (24), the triple (V, E˜, y) allows to
define a (dual) perfect obstruction theory for V given by
E∨V/B = R
•πV∗ev
∗
VAE˜ .
We have a (dual) perfect obstruction theory for VE˜ → B given by
E∨
VE˜/B
= π∗
VE˜/V
E∨V/B ⊕R
•
(
π
VE˜∗ev
∗
VE˜
E˜∨ ⊗ ωπ
VE˜
)
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and a cosection σ
VE˜/B induced by δy : AE˜ → E˜.
As in section 4.5, we can use the section y to induce a morphism
y : CB ×BGLr V → Vb(EB).
Together with dual pairing on the fibers, y induces a morphism
h
VE˜/B : CB ×BGLr V ×CB Vb(E
∨
B ⊗ ωπB)→ H
from which the cosection derives. This construction guarantees at once that the
cosection lifts, as observed in section 4.6.
Lemma 5.1. The degeneracy locus of the cosection is
D(σ
VE˜/B) = Z× A
1 ⊂ VE˜ .
Proof. We only have to show that y is a regular section of the bundle E˜ over V ,
with vanishing locus Z × A1. Then the situation is analogous to proposition 4.4.
The vanishing locus of y can be identified with Z×A1 by the expression in eq. (23).
To check that the section y is regular, we check that the inclusion of the vanishing
locus Z × A1 ⊂ V is a regular embedding. Fibers Vt are effective Cartier divisors,
so if Z ⊂ Vt is regular for each t, then Z × A1 ⊂ V is regular. But on fibers the
embedding is given by the vanishing of a regular section of a vector bundle, so it is
regular.
Then by the analog of proposition 4.4 we have that D(σ
VE˜/B) is the moduli of
stable maps to Z × A1, which we can identify with Z × A1 since the image of a
projective curve on A1 needs to be constant. 
This is a good place to point out that the formation of the Atiyah extension does
not commute with pullback, in particular the restriction of AE˜ to V |t
∼= X is not
isomorphic to the bundle AE since rk(AE˜) = rk(AE)+1. To apply the deformation
invariance result from [16], we need to consider the moduli spacesV andVE˜ relative
to the penultimate column of (24). To construct a perfect obstruction theory for
V→ B× A1, consider the morphism
V → BGLr × A
1
induced by πV/A1 and the bundle E˜. As we check below, this morphism is smooth
and induces a relative Atiyah extension A ∼= TV/BGLr×A1 and a short exact se-
quence coming from the distinguished triangle V → BGLr × A1 → BGLr
0→ A→ AE˜ → OV → 0.
The bundle A induces a (dual) perfect obstruction theory E∨V/B×A1 = R
•πV∗ev
∗
VA
which is compatible with E∨V/B by the above short exact sequence.
Lemma 5.2. The morphism f := (ψE˜ , πV/A1) : V → BGLr × A
1 is smooth. It
has a locally free tangent sheaf A on V or rank r2 + n. Over t 6= 0, we can identify
V |t ∼= X and A restricts to the sheaf AE . Over V |0 ∼= Vb(N), A restricts to
π∗Vb(N)/Z(AN ⊕N).
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Proof. To check smoothness consider the smooth atlas A1 → BGLr ×A1, we have
the following Cartesian diagram
PE˜
f˜
//

A1

V
f
// BGLr × A1
where PE˜ is the GLr-torsor on V associated to the bundle E˜. We check smoothness
by giving an explicit expression for the top morphism f˜ : PE˜ → A
1. To this end,
we describe below an embedding of PE˜ into the torsor corresponding to the vector
bundle π∗Vb(E)×A1/XE over Vb(E)× A
1. The composition of this embedding with
the projection to the A1 factor coincides with the map f˜ .
Since E trivializes when pulled back by PE → X , we have the following cartesian
diagram of GLr-torsors
PE˜
//

PE × Cr × A1 //

PE

V
j
// Vb(E)× A1 // X.
The right GLr-action on PE × Cr × A1 is given by
(e, v, t)g = (eg, ρ0(g
−1)v, t).
The section s˜ of eq. (23) can be lifted to a GLr-equivariant map
φs˜ :PE × C
r × A1 −→ Cr
(e, v, t) 7→ φs(e) + tv(25)
where GLr acts on the right on Cr by ug = ρ0(g−1)u. The torsor PE˜ is vanishing
locus of this regular function PE˜
∼= φ−1s˜ (0). To show f˜ is smooth by [14, Theorem
10.2] it suffices to show that the geometric fibers are regular and equidimensional
of dimension dimPE˜ − 1 = r
2 + n. By eq. (25) we see that the fibers over t 6= 0
consist of the graph of φs, so are isomorphic to PE and the fiber over zero to
φ−1s ×C
r ∼= PN × Cr. So all geometric fibers are smooth of the correct dimension.
We can then define A = [TPE˜/A1/GLr]
∼= TV/BGLr×A1 . Let it : t −֒→ A
1 be the
inclusion of a point, the restriction of f to the fiber over t is the morphism
ψE˜|t : V |t → BGLr
induced by the restriction of E˜. So i∗tA
∼= TV |t/BGLr , which is the bundle defined
by the Atiyah extension of i∗t E˜. For t 6= 0, after identifying V |t
∼= X we have
i∗t E˜
∼= E and i∗tA
∼= AE . Over t = 0, V |0 ∼= Vb(N) and i
∗
0E˜
∼= π∗Vb(N)/ZN . The
corresponding GLr-torsor is PN × Cr → Vb(N). Then i∗0A ∼= π
∗
Vb(N)/Z(AN ⊕
N). 
We obtain perfect obstruction theories
E∨V/B×A1 = R
•πV∗ev
∗
VA
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and
E∨
VE˜/B×A1
= R•π
VE˜∗ev
∗
VE˜
A⊕ ev∗
VE˜
E˜∨ ⊗ ωπ
VE˜
with a cosection σ
VE˜/B×A1 induced by A→ AE˜
δs
−→ E˜ together with the usual dual
pairing. We have a cosection localized virtual fundamental class
[VE˜/B]virσ
VE˜/B
= [VE˜/B× A1]virσ
VE˜/B×A1
∈ A∗(Z× A
1).
5.2. The fiber over 0. The triple (Vb(N), π∗Vb(N)/ZN, 1) gives rise to a moduli
spaceNN of stable maps to Vb(N) with p-fields together with a dual relative perfect
obstruction theory
(26) E∨NN/B = R
•πNN/B∗ev
∗
NNπ
∗
Vb(N)/Z(AN ⊕N)⊕ ev
∗
NNπ
∗
Vb(N)/ZN
∨ ⊗ ωπ
NN
and a cosection σNN/B induced by δ(1). We note here that the degree of a map
to Vb(N) was defined to be πVb(N)/Z∗i∗[C] ∈ H2(X ;Z) so we do obtain that
D(σNN/B) is the stack of stable maps to Z of degrees β
′ such that i∗β
′ = β.
The cosection σNN/B lifts by the argument in section 4.6. To describe this
cosection explicitly, recall that the GLr-torsor associated to
π∗Vb(N)/ZN → Vb(N)
is PN × Cr and the tautological section 1 of the vector bundle induces the GLr-
equivariant map PN × Cr → Cr given by projection onto the second coordinate.
Then δ(1) is the projection AN ⊕N → N . The section 1 of π
∗
Vb(N)/ZN → Vb(N)
is regular and has vanishing locus Z regularly embedded in Vb(N) by the zero
section. So by the argument in proposition 4.4 have that the degeneracy locus of
the cosection is Z. We obtain the following:
Proposition 5.1. The triple (Vb(N), π∗Vb(N)/ZN, 1) defines the moduli space of
stable maps to Vb(N) with p-fields, with a perfect obstruction theory and a cosection
localized virtual class
[NN/B]virσ
NN/B
∈ A∗(Z).
We can also view NN as a cone over Z. In fact composing a stable map to
Vb(N) with the projection to Z gives a morphism NN → Z. Let EZ = ev
∗
ZN , by
cohomology and base-change we can rewrite the dual perfect obstruction theory of
NN/B as
(27) E∨NN/B = π
∗
NN/Z
(
E∨Z/B ⊕R
•πZ∗(EZ ⊕ E
∨
Z ⊗ ωZ)
)
.
If we let ENN = π
∗
NN/ZEZ, note that this is also isomorphic to ev
∗
NN
π∗Vb(N)/ZN , the
relative obstruction sheaf becomes
ObNN/B = π
∗
NN/ZObZ/B ⊕R
1πNN∗
(
ENN ⊕ E
∨
NN ⊗ ωπNN
)
and the cosection σNN/B simply comes from the natural pairing of EZ ⊕E
∨
Z → OZ.
Proposition 5.2. We can identify
NN = SpecZSym(R
1(EZ)⊕R
1(EZ ⊗ ωπZ)).
That is, NN ∼= Z ×B P where the morphism Z → B is induced by the bundle N
over Z. This induces a (dual) perfect obstruction theory of virtual dimension 0
E∨NN/Z = π
∗
NN/ZR
•πZ∗EZ ⊕ E
∨
Z ⊗ ωπZ
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which is compatible with E∨
NN/B from eq. (26) and E
∨
Z/B from eq. (22).
Proof. The first claim follows by observing that the moduli of stable maps to Vb(N)
is the cone SpecZSym(R
1(ev∗ZN)) over Z. In fact, a map f : C → Vb(N) is given
by the composite map g : C → Vb(N) → Z together with a map of OZ -algebras
Sym∗(N∨) → f∗OC . This is determined by the image of degree 1 generators.
Hence, by adjunction, corresponds to a map of OC -modules g
∗N∨ → OC , which
gives some q ∈ H0(C, g∗N). In the same way, (g, q) determine f : C → Vb(N)
wich commutes with g and πVb(N)/Z . Given a triple ((C, x1, . . . , xn), f, p) in N
N (•),
where p ∈ H0(C, f∗π∗Vb(N)/ZN
∨ ⊗ ωC), we can construct uniquely a quadruple
((C, x1, . . . , xn), g, q, p) where (g, q) are as described above and p ∈ H
0(C, g∗N∨ ⊗
ωC) since g = πVb(N)/Z ◦ f . Conversely, (g, q) determine a morphism f : C →
Vb(N) over g : C → Z.
Then the claim that E∨
NN/Z is a perfect obstruction theory follows from the
result on perfect obstruction theories of moduli of sections [6, Proposition 2.5] and
cohomology and base change, see for example [21, Theorem 5.2]. Similarly, the
claim about compatibility follows from pulling back the split exact sequence
0→ ev∗ZN ⊕ ev
∗
ZN
∨ ⊗ ωπZ → ev
∗
ZN ⊕ ev
∗
ZN
∨ ⊗ ωπZ ⊕ ev
∗
ZAN → ev
∗
ZAN → 0
to CNN and using the compatibility of evaluation morphisms. 
Using this, we can think of objects inNN (•) as quadruples ((C, x1, . . . , xn), f, p, q),
where ((C, x1, . . . , xn), f) is a stable map to Z of degree β
′ for some i∗β
′ = β,
q ∈ H0(C, f∗N) and p ∈ H0(C, f∗N∨ ⊗ ωC). The cosection σNN/B agrees with
that induced by σP/B. It has local expression
(28) σNN/B|ξ : H
1(C, f∗AN )⊕H
1(C, f∗N)⊕H1(C, f∗N∨ ⊗ ωC)→ C
given by (f˙ , q˙, p˙) 7→ 〈p˙, q〉+ 〈p, q˙〉 over ξ = [(C, x1, . . . , xn), f, p, q].
5.3. Deformation invariance. The deformation-invariance result for cosection-
localized virtual classes [16, Theorem 5.2] can be summarized as follows. Let F
be a DM stack with a DM morphism F → B to a smooth Artin stack B. Let G
be a deformation of F in the following sense: G is a DM stack, with a morphism
G→ A1 such that we have a Cartesian diagram
F
ιc //

G

c
ic // A1.
Let G→ B be a DM morphism with perfect obstruction theory EG/B → LG/B.
The composition G → B × A1 → B induces a morphism f : OG → LG/B such
that LG/B×A1 = C(f). Suppose we have g : OG → EG/B lifting f . This induces a
perfect obstruction theory EG/B×A1 := C(g) compatible with EG/B. We can define
a perfect obstruction theory on F as
EF/B := ι
∗
cEG/B×A1 → ι
∗
cLG/B×A1 → LF/B.
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Then we have a compatibility diagram between ι∗cEG/B and EF/B as in the set-up
of [16]:
ι∗cEG/B //

EF/B //

OF [1]

ι∗cLG/B // LF/B // LG/F .
Note that the above compatibility guarantees that [F/B]vir = i!c[G/B]
vir .
Let
σG/B : ObG/B → OG
be a cosection factoring through the absolute obstruction sheaf. This induces a
cosection
σF/B : ObF/B → OF
which also factors through the absolute obstruction sheaf. Let H = D(σG/B), then
D(σF/B) = c×A1 H . With this set-up we have the following theorem.
Theorem 5.3. [16]
[F/B]virσF/B = i
!
c[G/B]
vir
σG/B
Let F = XE, G = VE˜ and c = 1. By construction, E
VE˜/B is compatible with
E
VE˜/B×A1 . From lemma 5.2 we can see that EXE/B = ι
∗
1EVE˜/B×A1 since the
restriction of A to the fiber over 1 is the bundle AE . So we just need to check that
the bundle map A → AE˜ → E˜ restricted to V |1 agrees with δs : AE → E. This
guarantees that the cosection σXE/B of section 4.5 agrees with the one induced by
σ
VE˜/B. Observe that the map A→ E˜ is induced by the differential of a morphism
V → Ur × A1 over BGLr × A1, where V → Ur is induced by the section y.
Restricting to X ∼= V |1 this is δs : AE → E.
Theorem 5.4.
[NN/B]virσ
NN/B
= [XE/B]virσ
XE/B
∈ A∗(Z)
Proof. By theorem 5.3 we have that [XE/B]virσ
XE/B
= i!1[V
E˜/B]σ
VE˜
/B and [N
N/B]virσ
NN/B
=
i!0[V
E˜/B]σ
VE˜
/B, which proves the second equality. 
6. Torus localization
To compare [NN/Z]virσ
NN/Z
with [Z/B]vir, we will use virtual torus localization
for cosection-localized virtual classes.
Let T = C∗ act on Z trivially, and choose a non-trivial equivariant structure on
N . We may choose the action that scales the fibers of N with weight 1 and the
fibers of the dual N∨ with weight -1. This induces a T -action on NN , on an object
ξ in NN (•), t ∈ T acts by
t((C, x), f, q, p, ) = ((C, x), f, tq, t−1p)
The fixed locus is (NN )T ∼= Z
ι
−→ NN , the inclusion is by vanishing of the p and q-
fields and geometrically is just the inclusion of the vertex of a cone, and ι◦πNN/Z =
IdZ. By proposition 5.2, we can identify N
N with an open substack of the moduli
of sections of
(29) ZNN := (Z ×BLGr CB)×CB Vb (EB ⊕ E
∨
B ⊗ ωB)→ CB
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over B. Let T act with weight 1 on EB and weight -1 on EB, trivially on B and
CB. The morphism N
N → B as well as the universal evaluation EvNN : CNN →
(Z ×BLGr CB)×CB Vb (EB ⊕ E
∨
B ⊗ ωB) are T -equivariant.
Lemma 6.1. The relative perfect obstruction theory ENN/B is T -equivariant. Re-
stricted to the T -fixed locus Z it splits as ENN/B|Z = ENN/B|
fix
Z ⊕ENN/B|
mov
Z . The
fixed part is the usual perfect obstruction theory for Z/B of eq. (22). The moving
part is Nvir = (ENN/B|
mov
Z )
∨ = R•πZ∗(EZ ⊕ E
∨
Z ⊗ ωZ).
Proof. The perfect obstruction theory ENN/B described in eq. (26) is quasi-isomorphic
to the one induced by induced by the universal evaluation of EvNN of eq. (29). This
follows from the discussion in section 5.2. The diagram
ZNN

CNN //
Ev
NN
;;
①
①
①
①
①
①①
①
CB
is equivariant. Then we have a T -equivariant morphism of T -equivariant cotangent
complexes LZ
NN
/CB → Ev
∗
NN
LC
NN
/CB . Applying R
•πNN∗ to this morphism re-
covers the perfect obstruction theory of NN → B as a T -equivariant morphism.
The dual perfect obstruction theory of NN/B is quasi-isomorphic to
E∨NN/B = π
∗
NN/Z
(
E∨Z/B ⊕R
•πZ∗(EZ ⊕ E
∨
Z ⊗ ωZ)
)
.
The torus T acts on the second component only. Recall that T acts trivially on Z
and with opposite weights on N and N∨ so the torus action on AN is trivial by the
short exact sequence
0→ N∨ ⊗N → AN → TZ → 0.
The restriction to the fixed locus Z −֒→ NN is ENN/B|Z = EZ/B ⊕ π
∗
Z/B0
∗EP/B
where 0 denotes the inclusion of B in P as the zero section. The fixed part is
ENN/B|
fix
Z = EZ/B. The moving part is N
vir = R•πZ∗(EZ ⊕ E
∨
Z ⊗ ωZ). 
Consider the absolute perfect obstruction theory ENN induced by ENN/B. That
is the perfect obstruction theory which completes the equivariant commutative
diagram
ENN/B //

LB[1]
=

LNN/B // LB[1]
to an equivariant distinguished triangle in the T -equivariant derived category of
NN
ENN

// ENN/B //

LB[1]
=

LNN // LNN/B // LB[1].
Since B is a smooth Artin stack, the complex ENN is concentrated in degrees
[−1, 0]. It is a perfect obstruction theory by the 5-lemma and is T -equivariant
by construction. The obstruction sheaf ObNN = h
1(E∨
NN
) is the same as that
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constructed e´tale locally in [16, Definition 4.1]. The cosection σNN/B induced by
the tautological section of the vector bundle π∗Vb(N)/ZN is T -equivariant by the
expression in eq. (28). So the absolute cosection σNN is T -equivariant. To apply
the cosection localized torus localization result [5, Theorem 3.5], we need to show
that Nvir has a global equivariant resolution [N0 → N1] by locally fee sheaves.
Following in [2, Proposition 5], choose some ample line bundle L on Z with trivial
T -action. Now
L := ev∗ZL⊗ ωZ(Σ)
is πZ-ample, where Σ is union of the image of the marked points si : Z → CZ, and
has trivial T -action. Then for N sufficiently large
π∗ZπZ∗(EZ ⊗ L
⊗N )→ (EZ ⊗ L
⊗N )
is surjective and
R1πZ∗(EZ ⊗ L
⊗N ) = 0.
Fix this N and let
F1 = π
∗
ZπZ∗(EZ ⊗ L
⊗N )⊗ L⊗−N .
So F1 → EZ is surjective and T -equivariant by construction. The is kernel some
locally free sheaf F0. By construction, R
1πZ∗F1 (hence R
1πZ∗F0) is locally free.
Then we have
0→ πZ∗(EZ)→ R
1πZ∗F0 → R
1πZ∗F1 → R
1πZ∗(EZ)→ 0
We can take [F0 ⊕ F
∨
1 → F1 ⊕ F
∨
0 ] as an equivariant locally free resolution for
R•πZ∗(EZ ⊕ E
∨
Z ⊗ ωZ). which is the required resolution. We are ready to apply the
following.
Theorem 6.2. [5, Theorem 3.5] NN is a DM stack with a T -action and T -
equivariant perfect obstruction theory ENN → LNN . The fixed locus is Z. We
have a T -equivariant cosection σNN : ObNN → ONN . The induced perfect obstruc-
tion theory on Z is the usual perfect obstruction theory for Z/B and the induced
cosection vanishes. Then we have
[NN ]virσ
NN
= [NN/B]virσ
NN/B
=
[Z/B]vir
eT (Nvir)
∈ AT∗ (Z)⊗Q Q[t, t
−1].
By definition,
eT (N
vir) =
eT (R
1πZ∗N0)
eT (R1πZ∗N1)
.
for a locally free resolution [N0 → N1] ∼= N
vir. Let [F0 → F1] be a global locally-
free resolution by sheaves of rank f0 and f1 respectively of R
•πZ∗EZ, constructed
above. Then
eT (N
vir) =
eT (F0)eT (F
∨
1 )
eT (F1)eT (F∨0 )
= (−1)f0+f1 .
Observe that
f0 + f1 ≡ f0 − f1 = χ(f
∗N) =
∫
β
c1(E) + r(1 − g) mod2.
By the results of theorem 5.4, remark 4.1 and theorem 6.2 we conclude the following.
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Theorem 6.3. The cosection localized virtual class of the moduli of stable maps
with p-fields to X agrees up to a sign with the virtual class of the moduli of stable
maps to Z:
[XE/B]virσ
XE/B
= (−1)
∫
β
c1(E)+r(1−g)[Z/B]vir = (−1)
∫
β
c1(E)+r(1−g)[Z/M]vir.
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